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As in the isotropic case /1/ we can introduce three (2n -+ {)-harmonic functions that with
explicitly express all interconnected functions of (3.13) and (3.14). For this we introduce
the (2n + 1, @)-harmonic function ¢, , the (2n + 1, y)-harmonic function ¥, , and the {(2n 4 1,
f)~harmonic function ¥, for which

op o B(Pn g,
Op=a Tzﬂ- v Fy=rina 8r" v Opt=r or + 2rpn Y =—r¥"a “&l

ay Y % )
Pomyn, Qumrmnln, pr——r e _ony, Qr=rmyoe

o a aLI m%
Pl'n= —;l’ an=r2ﬁ+l a)in » P1n='“r-5;——2n)(n"~ an=r2nﬁ—6‘z__

The displacements can be expressed in terms of the functions introduced as follows:

& 202
Il'n“——-rn-l?);—(‘”‘"—a:_k (Pn-*-A'\"Pn) (3.15)

a 2k 2
Uy — Uy = 7‘"“‘5‘;—(0‘—_‘(__—,(‘ P Blb" -+ Ban)

3 2k .
b -t =" P S G+ B+ B

The representations (3.13), (3.14), or (3.15) may be considered as an analog of the
Kolosov-Muskhelishvili formulas for the three-dimensional stress state of a transversely iso-
tropic medium.

We note in conclusion that all of the formulas derived remain valid when the roots of
Eg.{(2.18) are complex. It is only necessary to introduce into consideration (rﬁ o) -analytic
functions with complex constants g
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SPECTRAL RELATIONSHIPS FOR THE INTEGRAL OPERATORS GENERATED BY A KERNEL IN
THE FORM OF A WEBER-SONIN INTEGRAL, AND
THEIR APPLICATION TO CONTACT PROBLEMS *

S.M. MKHITARIAN

Generalized potential theory methods are used to re-establish the spectral
relationship /1/ for the integral operators generated by a symmetric kernel
in the form of the Weber-Sonin integral in the finite interval (0, ¢, the
kernel containing Jacobi polynomials. Spectral relations are also
established for the integral operator generated by the same kernel in the
semi-infinite interval (a, o), and other allied relationships. The latter

*pPrikl.Matem.Mekhan.,48,1,105-113,1984
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are used to construct a closed solution of the axisymmetric contact problem of impressing a
stamp of annular form in a plane, with an infinite outer radius, into a half-space, the deform-
ation of which obeys a power law. The monographs /2, 3/ give a large humber of various spectral
relationships in terms of orthogonal polynomials for the integral operators frequently encount-
ered in mathematical physics, and describe a method of orthogonal polynomials based on them.
They also show numerous applications of the method to the contact and mixed problems of the
theory of elasticity. Spectral relations and their applications to the mixed problems are

also given in /4, 5/. These papers are discussed in detail in /6/.

1. Let us determine the eigenvalues and eigenfunctions of the integral operator

a

Wo =Wy (r,0) 0 (p)pdp: ¢ (r) = L2 (0ra) w(r) >0
0

generated by a symmetric kernel inthe form of the Weber-Sonin integral

oo

WY (r )= S Jy (rt) Jy (pt) t¥v-1 dt, Re v >0, y=p+ %, | Rey <?1y_
s 2
where Jy(r) is the Bessel function of first kind, of order ¥ . To do this, we consider the
following integral equation in a cylindrical system of coordinates (r, ¥, z)
SR ™p(o. @)pdpdo =1 (r 9) (1.1)

w
and the related generalized potential

U(r,ﬁ’2)=S§(R’+zz)"'p(pvcp)pdpdcp (1.2)

@
(Rr=r2 4 p*—2rpcos (B — @ho={z=0;r <Tah|p| <)
Putting

PO =pPm@) " fr )= ()T m=0,1,2...
sin m@ sin mg

we find that instead of (1.l), we can consider the integral equation

a

SLm"(r'p)pm(p)pdp=f,..(r)v m=0,42... (1.3)
’ n
LY (rep) = S ™ cosmo dg, Re? =12 + p? — 2rpcos@
-
and instead of (1.2), the generalized potential
Un(r 2) = § (Bo? + 22 p (p) cos mop dp dop (1.4)

[

Now, using the results in /7—10/we can show that the integral equation (1.3) is equivalent
to the following boundary value problem for the outside of the circular disc o:

U g U, AU, gy_4 U,

m3? —_
e Unt gt =0 S -2)
Um(r‘z)'2==o=fm(r)' 0<r<a
Up(rr2)on(rt+237VP,, P,=0, m=12,...

Po=2nSpo(p)pdp. r2 4zt oo

0
Here the density of the sources of finite strength P, , i.e. the solution of (1.3), is given
by

[
-—‘an,,,(r)=s;ignzlzi_!.101|z\”“l ==, r<a (1.6

We construct the solution of (1.5) using the method of separation of variables. To do this
we introduce the following coordinates of the oblate spheroid /11/:
r=achusinv, z=ashucosv; 0 Cu<<oe, OCr<n (L.7)
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Clearly, the surface u =0 represents a doubly covered circular disc o of radius a. Toutilize
the results obtained in /11/, we eliminate dUm/dz from {(1.5) by putting

Up(ro2) =12 *Vn(r 2) (1.8)
This yields the differential equation

a4 eV @ mo v _
gt Ve tpl—p) =0, (n2)E0

which, on passing to the coordinates u, v and separating them

W (1, 0} = Uy (u) Vi (v) (1.9)
(W, (u, v) = V, {a ch usin v, ashucosv)}

leads /11/ to the following ordinary differential eguations:

&, ad m? u(i—-u)]

T i g 2 o 0 0<u<e (1.120)
v v, m? u(i—n)] ro 1.11
W+ctg07+[l_sin‘v +———2—£— V,,,—Oq 0<0<ﬂ ( }

It is clear that (1.10) transforms to (1.11) on putting u = i (v — n/2) . We shall there-
fore only consider (1.11). Further, using the analytic theory of differential eguations /12/
we will show that (1.11) can be described by the following Riemann scheme:

0 1 o0
V)=~ w2 mi2 (- V4h+1)/8 cos?v
(A—we —mp2 (4—yi+1)4

Therefore (F(a, B;y; z} is the Gauss hypergeometric function)
Vi () = lcos v [ (sin )" F (&, B; y; co8® ), 0o < m (1.12)

g= 2m + 2y = Véh + 1/4

Since @+ f — y=m >0, the hypergeometric series diverges when v =0 and p=asan /13/. But
by virtue of the boundedness of the initial potential U, (r, 2z}, this function must be bounded
for 0 v<#. The latter will be ensured provided (see /14/) that the hypergeometric series
is truncated, and this will happen when a = —n(n=0,1, 2,...). This yields

p=(m+2n+ 92 —1/4 n=01,2,...
Further, taking into account the relation given in /15/ connecting the function F(a, b;¢;
7) with the Jacobi polynomials P!*® (z), we can finally write (1.12) in the form
V() = cos v [# (sin »)™ PYP™ (1 — 2cos?v), 0 Ko< (1.13)

Now the unique solution of (1.10) bounded in the interval 0 u<Co and vanishingas u — oo,
will be given by the formula

U, () = (sh ) (ch w)™QF ™ (1 + 2k w), 0Cu<< o (1.14)

where Qi,“‘ﬂ) () is the Jacobi function of the second kind /15/. We note that for the bounded-
ness of Up,(u) when u =0 it is necessary that 0 u<?/,. However, in accordance with

(1.7) and (1.8) we can assume that |p |<{': This comment also applies to V, (v) when v = n/2.

The boundedness of the function Up, (u) for 0 u<C oo and its vanishing at infinity
follow directly from its integral representation in terms of the Jacobi polynomials through
the Cauchy-type integral /15/. Using (1.8) and (1.9) we find from (1.13) and (1.14) at once
that the boundary value problem (1.5) has a unique normal solution of the form

U, (r, z) == (ch usin py"PY ™ (1 — 2c0st0) OF "™ (1 + 2sh?u) {1.15)
ICu<< oo, o<, n=0,1,2,...

where the variables r, z and u, v are connected by the formulas (1.7). Formula (1.6) yields
the source density corresponding to the potential (1.15). Using the relations /15/ connecting

Q(f’m @ PPy with F (a, b; £; z) and carrying out certain transformations, we obtain
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Pm (F) = hhar™ (1 — r¥/a2-1PY 1™ (9,202 ) rc g (1.16)
(B = @O0 (YT (n 4+ m + 1) [2aT (m + n + )17

Next we substitute the value of the potential (1.15) at u =0 and the expression for
Pm (1) from (1.16) into (1.3), and take into account (1.4). This yields the spectral rela-

tion e

SLmY (r, p) P V0 (1 — 20%/a%) (1 — p*/at)¥-1pmridp = [ PT VD (1 — 9%/, r< o (1.17)
0

Don = 02N (m+n+ )T (n+y)sinayT? (G)T (m + n + 1) nl?
Further we express the kernel L,Y(r, p) from (1.3) in terms of the Weber-Sonin integral. To

do this we use the well-known formula /13/, p.92) to express it in terms of a hypergeometric
function. After some reduction we find that

Ly (r, p) =200 —9) [ (WY (r, o)y 7o 90, m=0,1,... (1.18)

Since the Weber-Sonin integral W,Y(r, p) is an analytic functionof the parameters v and y in
the domain of their variation, which ensures that the integral converges, it follows that
relation (1.17) can be analytically continued, assuming formally that m =wv, and Rev > 0,
| Re p | <C,. Taking into account the latter and the formula (1.18), we finally obtain, after
passing to dimensionless variables r = ax, p == ay, the following spectral relation:

1

SKVY (zy) Pny () (1 — yyv-1yva dy = Yﬂzvpn\' (@) (1.19)

o

K (z, y) = aWyY (az, ay), PY (z) = PRV (1 — 22%)

Ma=220-DT (n 4 v 4+ 9 (n+ 7)) [T (r 4+ v+ 1)nll?, n=2012 ...
which was obtained by a different method in /1/ (relation (1.19) is identical with (2.17) of
/1/ after an obvious elementary transformation) .

We can also obtain an expression related to (1.19) and valid for z > 1. Here we note
that the surface v = n/2 represents, according to (1.7), a doubly covered plane annular disc
r>a. Therefore we again substitute the value of the potential (1.15) at v = n/2 and the
expression for pp, (r) from (1.16) into (1.3), and take (1.4) into account. Repeating the
arguments used in deriving (l1.19) we arrive, after certain transformations, at the following
relation:

K (2, y) P () (1 — 2t v dy = odnzVQY Y (222 —1), 2>1

L e T

Gva? = (—1)"2%* sin 5yT (v + v + V)T (2 + y) [aT (r +
v+l rn=012 ...

2. Let us now derive the spectral relations for the integral operator generated by a
symmetric kernel in the form of a Weber-Sonin integral in the semi-infinite interval (a, ).
In this connection we shall regard w everywhere in (l1.1)—(1.4) as an annular disc r»a of
the plane 3z ==0, and replace the interval (0, ) by (e, ). We again assume that the density
of the sources giving rise to the generalized potential U (r,¥,z) is finite, i.e.

P=SSP(P'<P)Pde‘P<°°
@
although this condition need not hold for separate harmonics.

In the present case we again arrive at a boundary value problem of the type (1.5), and to
construct its solution we again use (1.7) to introduce the coordinates of the oblate spheroid.
In this case we must however assume that —oo <<u<< oo, 0 v<n/2. The surface vy = n/2 re-
presents a doubly covered annular disc o ={z=0;r> a}.

After the separation of variables we obtain, in these coordinates, the same differential
equations (1.10) and (1.ll) in which the separation A is replaced by —A* —!,. But now the
equation (1.10) will be considered in the interval —s <Cu<Coo and (l.ll) in the segment
0 v /2.

The differential equation (l1.1) has the following two linearly independent solutions:

(cos v)H (sin V)™F (a, &; v; cos ?v)
(cos D) (sin V)™F (@ — vy + 1, & — v + 1; 2 — y; cos® v)
a=(m+y+ A2 A>00Lv{n2 y=n+1,

Using the well-known formula /13/ we can write



F (a, &; y; cos 2 v) = (sin v)™®"F (y — &, ¥ — &; v; cos® v) (z.1)

Fla—y4+1,&—v-+12— 9y c08®v) = (8inv)*™F (1 —a, ¢ _g; 22—y cos®v)

from which it follows that the functions are of order (sinv)™™ as v—0, i.e. the hyper-

geometric functions shown have, for the given values of the parameters, a singularity at the
peint v = 0. Using this, we write the solution of (1.11) in the form (0 < v < n/2).

V.. () = (cos v)* (sin »)™ [@,Y (A, sin v) — %Y (A) (cos v)}™2 (2.2)
X Pr? (A, 8in )}
i D =Fla, &y t—2 ¢’ 23 =Fle—v+1, a—y+452—11—12%

and choose the unknown function #%,Y(A) in such a manner, that the function (cos v)™V, (¥) is

bounded on the segment 0 v n/2. Since y—a—a&+ m=0, using (2.1) and the formulas
for analytic continuation of a hypergeometric function /13/, we find
KV (W) = {Tlm —y+ 24+ M21 T (W) IT [ (m 4+ iA)2]172[0 2 — )7 (2.3)

Thus the required scolution of (1.11) is given in this case by the formulas (2.2)=(2.3).
Let us now consider (1.10). We find at once that it has, in the case in question, two
linearly independent solutions:

Upm (u) = Ishu [ {ch u)"pn¥ (A, chu), —o < u<C oo (2.4)
Um (u) = [shu | (ch u)™pp¥ (A, chu),m=0,1,2,...
Here the functions |shu [#U, (v) are bounded for — oo <<u<Coo and vanish exponentially in
accordance with the asymptotic formulas /13/ as |u |— oo Consequently, taking (2.2) and

{2.4) into account we find that the boundary value problem {(1.5) has, in this case, the normal
solutions

. . @' (Mrchu)
U (ry 2) == (ch u sin v)™ %,,Y (A, sinv) ‘:1'1 [ 4, (A ch )

Xm? (A, 8in v) = @7 (A, sin v) — %p,¥ (A) (cos V)™M, ¥ (A,8in v)

—oCu<Toe, g2, m=20,1,2,...

where the variables r, z and y,v are again connected by (1.7).
Let us calculate the source intensities corresponding to the potentials (2.5). Noting

(2.5)

that

U

au
_&zl’}‘z.=o=_(u‘8hu'”_1 mv—m/z' —oolule

dv
we use (l1.6) to obtain from (2.5) (r=achu, 0 u< o)

(shuv-0 g v (%, chu)

P ()= (1 — D@Dt Gy ehuf

(2.6)

Next, taking into account (1.4) we substitute the expression for p,, (r) given in (2.6)
and the values of the corresponding potentials into (l.3), where we replace the interval 0, a)
by (a, ). As a result we arrive at the following spectral relations:

o

S LY (s 0) Pm¥ (b pfa) (pP/6® — )¥-1pm¥dp— (2.7
Ot (A) 1@t (o 710), T >0

§ L (r. 0) ¥ (&, pla) o™ dp = oY (M) P (F3/ — 4)1=Y 4,7 (R /)
&
Om? (A) = 5 [(1 —9) %p,? (M0, m =0,1,2,...
In the special case when p =0, using the relation given in (/13/, p.130), we find (Ps™ (z)
is the Legendre function of first kind)
Pl (A, 2} = 2"n7e (i)™ D [ (m + 3/2 + iA)2) | 2@y (A, 2), 2> 1 {(2.8)
Gt (A, 2) = — 2" (i)™ (@ — 17 [ Tlm 4 Y, 40 [ 2] [ %, (A, 2)
Gm A, 7) = [Py™ (iVZE — 1) + Py (—i V2* — 1))/2, §= —1y + iA
Pm (A, 2) = [Py (iV'2? — 1) — Py™ (—i V22 — DV(20)
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Further, remembering what was said above about the analytical properties of the Weber-
Sonin integral and changing tc dimensionless coordinates by means of the formula r = az, P = ay.
we finally obtain in place of (2.7) the following spectral relation:

K (2, 1) o0 (M ) (1 — Apv-1yvrdy = pY (M) ¥y (A, )y >4 (2.9)

)
1
§ KL @) e () g2 dy = ot (1) 2 (28 — ARV Y (1 2)
1
pd (A) = 221 | D [(v 4+ ¢ + A)2] | Dl(v — v+ 2 4+ iA) /2]|

where the expressions for ¢ (A, 2) and ¥+ (A, z) are obtained from (2.2) and (2.8) by formal
replacement of m by v.

Relations (2.9) yield generalized eigenfunctions of the integral operator generated by
the symmetric kernel, in the form of a Weber-Sonin integral in the semi~infinite interval (1, oo).

To obtain relations allied to (2.9) and valid for Q< z<1, we put u=0 1in (2.5), use
(1.4) and (2.6) and formally replace m by v . After certain transformations we obtain

o

S K (2 ) o8 (A, p) (1 — DV 1y dy = (2.10)
oY (M) 2V (@Y (A, 2) — ¥ (M) (1 — 2PV Y (A 2)], 0 <2<

o

§ K, (2 5) 07 O ) y¥1 dy = 0

1

where %W (A) is obtained from (2.3) after replacing m by v , the remaining notation being un-
changed.

In the special case when p =0, using (2.8), in which m has been replaced by v, rela-
tions (2.9) and (2.10) become, respectively,

Epy=pS" WM ow Kabv=pl"N by z>1
Kypo=p"W) % Kvby=0; 0z 1

%

Ko={ Kl @y ow @ —1)"1ydy, 0<a<=

1

o ()
v=\|7v(x1l') (z>1)

w=wwh=P(YT=22), (0<z<Y)

The formulas for expanding arbitrary functions of a fairly general class over the families
of functions @Y (A, 2) and ¥ (A, Z), can be obtained by the well known method described in
/16/ by considering the hypergeometric differential equation in a semi-infinite interval. For
the given values of the parameters we have, at the left end of this interval, the case of the
Weyl limit circle. Other cases are discussed in /16, 17/.

Without bothering to discuss the details of the proposed method, we give the final result:
the formulas for expanding an arbitrary function f(z) over the family of functions ¢ (A, z)
have the following form:

F(\) =g @Y (A, 7) (2® — 1)y a4 f (2) dz (2.11)
1

f@=" @ 2)F )b () AN
B (M) = [2r2T% (y) ' Ashad | T(v + v + /2T [y —v + iA)i2] I

and the formulas for the family of functions \Iﬂz(k, z) are exactly similar. Using (2.8) for
m =0 we can show that (2.1l) transposes into the well-known formulas given in /18/. Then,
taking (2.11) into account, we can use the first spectral relation of (2.9) to obtain, for
the kernel (zy)YK\¥(zr, y) , a bilinear expansion into an integral.

3. We will illustrate the results obtained by considering the axisymmetric contact
problem of impressing a stamp which has in the plane the form of a circular annulus with an
infinite outer radius, into the half-space z< (. We shall assume that the material of the

half-space cbeys a power law 0; = Kq8,7 (0 << ¢ < 1) of the non-linear theory of steady creep
/19, 20/ where o; and g; are, respectively, the stress and strain rate intensities, while K,
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and g are physical constants. Adhering to the generalized principle of superposition of dis-
placements /19, 20/, we can reduce the solution of the problem in question to the solution of
the integral equation

S LY (r+ 0) Po (p) pdp = A2Y-D [6 — fo (r)pa- (3.1)

a
o

2n po(p)pdp=Po 00, p=(1—0)2

a

where p,(r) is the contact pressure, P, is the resultant of the external forces applied to

the stamp, 8§ is the settling of the stamp, fo(r) is a function describing its base, A is a

constant expressed in terms of K, and g, and the remaining notation is as before.
Introducing the dimensionless variables

r=az, p = ay, p, (r) = 4*¥ Vg (z)
f(z) = 2207 () [l (1 — P [8 — a7 (ax)2-V), 8, = b/a
we can reduce (3.1) to

o

(B owydy=1(@) (3.2)

1

and write the solution of (3.2) in the form

(@ =0(@){ o (M2)OM)dA, (@@)=(—11, z>1 (3.3)

[}
Substituting (3.3) into (3.2) and using (2.9), (3.1l1l), we obtain

2201-v)y, b (A ©
DR = TZ(7) [ch (nl.;l-—( coZ‘ ooy S o (b ) (° — 1Y yf (y) dy (3.4)

1

The reduced vertical displacements outside the stamp are given by the formula (0 <<z <<1)

wo (@)= K’ (@ ) o )y &y, wo () =

1

22(¥-1) p e u, (ax)q20-v)
AT (t—y) [_ a ]

where U, (r) are the true displacements of the foundation outside the stamp. Using (2.10) we
find at once (O<z<<1)

o

wo (2) =S [@o¥ (A, ) — %0 (A) (1 — 23N~V ? (A, 2)] © (A) po¥ (A) dA (3.5)

0

In the case of a linearly elastic half-space, when ¥ = /5 formulas (3.3)=~(3.5) , taking
(2.8) into account, yield

@ (2) = 87 (22 — 1)+ { o (b ) A th (k) x {oh (wh) | T[(6 + 1)/2] 2 @ (A) dA

3

DW= @ (A 2) (22 — 1)y haf(@)dz, b=—st+ ik z>1

wo(z)= (2V7)2§ Py (VT=2)|T[(6 + )21 P ® (1) dh, 0zt

Finally, to find &, we equate the asymptotics of the left and right sides of (3.2) as z— oo.
Hence we obtain that the following asymptotic expression must hold:

a’lf, (ax) ~ 6y — QP21%, z — o0
Q = PyA¥1-M)/g?, s = [2(1 — )™}, ¢ = 1/g

and this in fact yields §,.
Note that the results of Sect.3 can be extended to the problem in question using the

formulation of the linear theory of elasticity /6—~9/ when the modulus of elasticity of the
half-space has a power-low variation with depth.
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TRANSONIC FLOW OF AN ELASTIC MEDIUM PAST A THIN SOLID *

I.V. SIMONOV

A plane problem of the steady state of a body in an infinite elastic medium

in the range of sonic velocities is considered. The generalized Hilbert
problem arises for the complex function determining the longitudinal part of
the velocity and stress field, and the transverse part of the field is
expressed simply by the solution of the Hilbert problem. The separation of
the medium from the body contour at the trailing edge is computed. In the
former case the position of the separation point is not known, and the method
of fixing this point differs from that in /1/ where the problem of wedging

is considered at sub-Rayleigh velocities. 1In /1/ the free surface is formed
before the frontal part of the wedge and the separation point is found from
the condition that the stresses are finite. In the present problem, just as
in the case of super-Rayleigh subsonic motion of a wedge /2, 3/, the condition
that the stresses are finite (and even continuous) at the separation point

is ensured by the solution beforehand, and a more accurate analysis is
required, which will include, to clarify the problem, the computation of the
first few terms of the asymptotic expansion of the solution near the separation
point. The separation point is fixed using the condition of attachment of

the flow in the zone of contact, and the condition of impermeability of the
region between the separation point and the trailing edge of the body. The
demand that both these physical conditions are met locally near the point of
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